Using a Kaluza-Klein dimensional reduction, and further imposing a conformal Killing symmetry on the reduced metric generated by the dilaton, we show an Ansatz that yields many of the known stationary axisymmetric solutions to TMG. *
1 Introduction motivate our Ansatz and in section 4 we identify the solutions it yields. We end with concluding remarks. We also provide four complementary appendices. Appendix A shows the reduction of the Cotton tensor explicitly, appendix B comments on the "null dψ" case, appendix C has a map of all known solutions to TMG, and appendix D comments on the stationary axisymmetric solutions with respect to our method.
Setup and notation
In this first section we derive the equations of motion of the reduced action and set up some theorems that simplify the ensuing analysis. Note that the one-dimensional reduction in d = 3 that we perform here is in a sense the equivalent of an S 2 (Pauli) reduction in d = 4.
2d reduced action
We write the full TMG action as
We follow the usual KK-reduction set-up, starting with a 3-dimensional metric g (3) = e 2αφḡ ± e 2φ (dz + A) 2 ,
where we assumed the isometry z → z + ξ. The field φ is a function and A a oneform on the remaining two coordinates. We raise/lower the 2-dimensional tensorial indices a and b with the metricḡ ab . The ± sign distinguishes spacelike and timelike reductions. We could absorb the α parameter above intoḡ, but we choose to leave this free for now. This freedom will allow us to find various solutions from one simple Ansatz. By D a we denote the 2-dimensional covariant derivative and write D 2 = D a D a . The field strength F = dA = f dvolḡ defines the scalar f in 2 dimensions by its Hodge dual. The 3-dimensional scalar curvature R written in terms of the 2-dimensional curvatureR is given by
and the Einstein-Hilbert part of the action is therefore
To KK-reduce the Chern-Simons-like terms in the action, we make use of the results of [10] . Schematically, in their set-up (α = 1)
This schematic result has to be corrected by exponential factors for generic α. This can be easily done, since the metric of [10] is conformally related to our generic one by g ab = e 2(α−1)φḡ ab . We thus obtain the action
where µ = 3ν/ℓ. Both parts of the action are valid for either sign of the reduction.
Equations of motion
We can now either vary 1 the reduced action, or reduce the 3-dimensional equations. Either way one obtains the same set of equations of motion. The consistency of dimensional reduction on a unimodular or one-dimensional group is well-known 2 and still holds for the Chern-Simons correction. Never the less, we have laboriously gone both ways, and appendix A contains the explicit form of the Cotton tensor under the reduction. The equations of motion are:
1 the variation of f is δf [12, 13, 14] .
In the F equation c is a constant of integration that a solution will fix. The CKV equation is the traceless part of the Einstein equation and round brackets around indices indicate symmetrization of strength one. The trace of the Einstein equation is what we call the Kink equation. For the dilaton equation (Dil.) we used (1) and the constant scalar curvature −6/ℓ 2 of the 3d geometry. The two-dimensional equations have been examined before, e.g. in the conformal gauge in [15] .
The equations exhibit two types of "symmetry": a scaling of z → ξ z and a shift of α → α +ξ. The former rescales the fields as e φ → ξ 2 e φ ,ḡ → ξ −2αḡ and f → ξ 2α−1 f , and can be used to normalize c. The latter transforms fields asḡ → e −2ξφḡ and f → e 2ξφ f , whereas it leaves φ unchanged. Using this, α can be fixed from the onset but, as mentioned above, we keep this freedom and let it be fixed by a consistency requirement on our Ansatz.
Conformal Killing vectors
Let us now focus on the last of the above equations of motion, labeled CKV because of its similarity to a conformal Killing equation. In fact it contains the conformal Killing equation of [10] for D a (e −2(α−1)φ f ), coming from the purely Chern-Simons part of the action, but is complicated by the similar equation for D a e φ coming from the Einstein-Hilbert term. Nevertheless, this equation motivates us to search for solutions where its content is that of a single conformal Killing vector equation. This is both for simplicity, but also in the hope of finding behaviour similar to [10] . Let us first list a set of propositions that will help us in the subsequent analysis. The first proposition is used to fix the metric. Proposition 2.1. Ifḡ has a conformal Killing one-form dψ that is non-null and exact, then the metric can be written in some coordinate system as
Proof. In a conformal gauge, the metric can be written as g = Λ(x, t)dudv , where conformal Killing vectors are of the form
,
The following proposition will be needed to complete our Ansatz. Proof. F 1 dF 2 is dual to a conformal Killing vector X = g(v)∂ v + h(u)∂ u , for some functions g(v) and h(u). Since the left hand side of
is a function of x, we have g(x + t) = h(x − t) = const. .
Finally, we have
Proposition 2.3. Take dψ to be the metric dual to a conformal Killing vector as before. Then in the adapted coordinates we define
Proof.
. At the same time, the curvature scalar isR = −2e
The reason why the purely Chern-Simons term in [10] has a unique solution up to homothety, is precisely because the Chern-Simons term is conformally invariant and, with α = 1, the CKV equation becomes that of a single exact conformal Killing vector equation. Proposition 2.1 is used here as in [10] to fix the metric. However, the CKV equation here is at best a sum of two such "exact conformal Killing vector equation" terms. If we impose that they vanish separately, propositions 2.1 and 2.2 combined give a class of unique candidate solutions. Proposition 2.3 is then used as in [10] to check for the consistency of the candidate solution.
Equivalent statements to the above propositions for a null one-form dψ can also be written. However, our method for the null case does not lead to any solutions. We comment on the null case in appendix B.
A general Ansatz
Before moving onto a general Ansatz involving functions generating conformal Killing vectors, we glance briefly at the simplest solution to the equations of motion.
Constant f or φ
From our Kaluza-Klein Ansatz, it is clear that we can obtain known solutions to TMG by simply setting f and φ to constant values f = f 0 , φ = φ 0 . For simplicity, let us set here α = 1. From the dilaton (Dil.) equation of motion we obtainR in terms of these constants, while the Kink equation becomes
yielding AdS 3 or warped AdS 3 , respectively for f 0 = ± f 0 . Along these lines, it is interesting to note that constancy for φ implies the same for f , and vice versa. This can be easily checked by setting one of the two functions to a constant value and studying the equations of motion for the other. A short treatment for when f = 0 is given in [16] .
The Ansatz
Let us focus again on the CKV equation. If we view this as the sum of two conformal Killing equations coming separately from the Einstein part and Chern-Simons part, we can only obtain the AdS 3 solution. Trying to relax this idea, we can allow for a "mixing" of the functions appearing in the two gradients. For instance, focus on the first term
and write out the function f as
for a constant k. Inserting this into the second term of the CKV equation yields
The most obvious approach is to impose thatf is zero so that we are left with the conformal Killing vector equation. For k = 1−2α 2α−3 the left-hand side of the equation becomes
is well defined and non-zero. That is, k = −1 and
. It is then natural to take dψ = de ǫφ in proposition 2.1. If, on the other hand, we start by imposing dψ = de ǫφ , thenf appears in the CKV equation that now takes the form of a conformal Killing vector equation, and so is fixed by using the F equation of motion to satisfy proposition 2.2. This way all fields are fixed and in particular
The metric one obtains by choosing the conformal Killing generator to be ψ = e ǫφ for some α is equivalent to the one obtained by the choice ψ = φ for α ′ = α + ǫ/2. Our Ansatz is thus to assume dψ = dφ is a conformal Killing one-form. We set
and by using proposition 2.2, which is satisfied by the F equation of motion, f is given by
whereas the metric is given by (5) with ψ = φ. Our Ansatz can thus be summarized by the statement ψ = φ in proposition 2.1. This way the CKV equation is automatically satisfied and at the same time all fields are fixed. It remains to show that the other three equations of motion are satisfied for suitable values of α,k, δ and c. In appendix D we compare our method to what has been done for stationary axisymmetric solutions.
Solutions
In this section we check the consistency of our Ansatz, namely which functions f and φ related by our Ansatz satisfy the reduced TMG equations of motion. Starting with (10), we use the equations of section 2.
Schematically, the consistency involves checking the following derivations
The resulting conditions are in terms of long expressions involving exponentials of φ, schematically
Recall the first consistency check is an equation of the type
The simplest approach is to consider all the powers to be different, mα+n = m ′ α+n ′ , so that their coefficients have to vanish separately. We thus obtain three cases:
1. δ = 0, α = 1/2 andk, c unconstrained;
One need also check the cases when the powers mentioned above are not all different. This happens when α = 0, 1/2, 3/4, 1, 9/8, 7/6, 5/4, 4/3, 11/8, 5/3, 7/4, 2, 5/2, 3.
For each of these values we simplify the result, but again find the same three possible solutions. The final check is to verify that the expression for |dφ| 2 is also satisfied. We therefore integrate the expression for
We will now write down and identify the three classes of solutions that can be obtained via our Ansatz.
Case 1:
In this case our generalised Ansatz simply becomes
Solving the equations of motion we get
Integrating
and inserting into the dilaton equation (along with D 2 φ) we find that d = 0. The 3-dimensional metric can now be written in the φ coordinate as
(11) Identifying this and the other metrics is particularly easy due to the classification of algebraically special solutions to TMG [8] . We suspect we are dealing with constant scalar invariant spaces (CSI), after evaluating the first three curvature invariants, in which case they are CSI Kundt, locally homogeneous, or both [17, 6] . Furthermore, the Ansatz we use implies two commuting symmetries ∂ t and ∂ z . To identify which particular Petrov-Segre class we are in, we study the Jordan normal form of the tensor S 
Case 2: c − δ
The Ansatz here boils down to
From the equations of motion we obtain that
Furthermore we get that d = 
The full 3-dimensional metric is then
For this solution, the canonical S b a is given by
placing it into Petrov class D, whence by the theorem in [8] it is locally spacelike or timelike warped AdS 3 . In fact, case 2 covers both spacelike and timelike stretching.
Indeed, one can easily find the diffeomorphism that will bring the metric to one of the standard forms
where the two values δ = 0, 1 are isometric, see e.g. [18] . The sign above distinguishes spacelike and timelike stretching and is the same as the one we used to distinguish between spacelike or timelike KK reduction.
4.3 Case 3: δ = c =k = 0 and µ
The general Ansatz here is
The equations of motion here yield that
Consistency with the dilaton equation requires a d = 0 integration constant and
The 3-dimensional metric is therefore given by
Again, to identify this solution we look for the Jordan normal form of the traceless Ricci tensor S (1−3ν
where s 1 and s 2 are uncorrelated signs. The sign s 1 keeps track of the sign of the KK reduction we used and the sign s 2 comes from the two possible solutions for α. When ν = ±1/3, the solution for α is unique and our metric becomes that of AdS 3 in Poincaré coordinates. The pp-wave (15) then corresponds to a TMG wave [7] with two commuting symmetries. It is locally isometric 3 to the Schrödinger sector solutions of [9, §4.2] for their b = 0, which were found and their causal structure analyzed in [19] . Our Ansatz is thus seen to reproduce locally all known stationary axisymmetric solutions to TMG [9] for generic values ℓ and ν, with the excpetion of the b = 0 in [9, §4.2]. Some more details on this comparison are given in our appendices C and D.
Conclusion
The search for new solutions to TMG has lead us to exploring the power and range of the "kinky" approach to 3d-gravity as used in [10] . The idea of using an exact conformal Killing vector to simplify the reduced two-dimensional equations of motion seems very effective in leading to a whole range of possible solutions depending on a small set of parameters. However, the theorems we used impose strong restrictions on the Ansatz. A subset of valid parameter values is selected that corresponds to the already well-known and studied solutions of locally AdS 3 , warped AdS 3 and the pp-wave.
Appealing as the Kinky Ansatz may look, it requires too much symmetry to yield any novel solutions. Nonetheless, this is a new, simplified way to obtain the most symmetric TMG backgrounds. We note how a simple and local Ansatz can reproduce a large class of the known stationary axisymmetric solutions in [9] , without assumptions on the asymptotics. In this setting, the relationship between these is in terms of the functional dependence of the generator of a conformal isometry.
Our Case 3 corresponds to the special case of the family W 1 = −2/ℓ of type N CSI Kundt solutions where the f 01 (u) in [6] is constant. In this way, their general solution acquires an extra isometry, which is precisely what our Ansatz requires. One might wonder whether our Ansatz can be generalized to include other deformations of AdS 3 , warped AdS 3 or the wave -see also appendix C for a map of the more general solutions. Another natural question is whether the core idea behind this Ansatz, which was to automatically satisfy the traceless part of the Einstein equation, can be useful in studying other gravitational systems.
we can choose an orthonormal basis θ a = e αφθa and θ z = e φ (dz + A), whereθ a is an orthonormal basis ofḡ. We also define
The spin connection of the 3d geometry ω AB can be solved as
whereω ab the spin connection of the 2d geometry. The information of the curvature two-form
whereR ab is the Ricci tensor of the d − 1 metric in the basisθ a . Using the Ricci tensor (17) and the spin connection (16), we can find the components of the Cotton tensor
in the orthonormal basis of θ a . E.g., for a 4d tensor T AB we have
etc. A useful relation we use in two dimensions to simplify the result is
We thus find:
and
The remaining component is C zz = ∓η ab C ab , which follows because the Cotton tensor is traceless.
If E M N are the 3d equations of motion, then variation of the reduced action with respect to g ab is proportional to e (2α+1)φ E ab and variation with respect to A µ is proportional to −2e (α+21)φ E az . What we called the F equation of motion is the first integral of the latter. For the dilaton equation we simply used R = − 6 ℓ 2 and contracted the indices of (17) . Alternatively, variation of the reduced action with respect to φ gives a term proportional to −2 e 2αφ (±E zz + αE a a ). Note that, having reduced the theory to d = 2, the subsequent analysis following section 3 is made at the level of the equations of motion and not the lagrangian.
B Null exact CKV
The propositions we use for dψ non-null in section 2.3 can be altered for a null dψ:
Lemma B.1. Ifḡ has a Conformal Killing one-form dψ that is null and exact, then the metric is flat and for some coordinate system g = dudv and ψ = v .
(20)
Lemma B.2. Assume two Conformal Killing one-forms, F 1 dF 2 and dψ, with dψ exact and null and F 1 and F 2 functions of ψ. They are necessarily related by
where the G is a function of v.
The proof of these two lemmas is straightforward and similar to the non-null case. Sinceḡ is flat, the null case is too restricitve and the Ansatz is not consistent. Notice for instance that the Dil. equation of motion, withR = D 2 φ = |dφ| 2 = 0, implies an imaginary f or φ.
C Known solutions to TMG for generic ν
The largest set of known solutions is the Kundt class [6] . The only other known solution, which technically is not a Kundt space, is the timelike warped AdS 3 space. The Kundt class of metrics is known in the sense that one can always solve for the metric components given a small set of arbitrary functions that enter their equations of motion. However, there is a subset of Kundt solutions, the ones that are also of Constant Scalar curvature Invariants (CSI), whose solution is known in closed 4 form [6] . Again, the Kundt CSI spacetimes are given in terms of a set of arbitrary functions.
Interestingly, the Kundt CSI spaces can be classified in three classes in terms of their curvature invariants, and for each class they take the same values as one of the three symmetric solutions of section 4: AdS 3 , (spacelike) warped AdS 3 and the pp-wave. That is, any other Kundt CSI solutions can be referred to as a deformation of one of these three spaces. A map of all known solutions is given in figure 1 .
Prior to the work of [6] , one large class of Kundt solutions that was known was that of the pp-wave [7] . The metric can be written in the form
4 more precisely, in terms of integrals of the arbitrary functions. with h 1 and h 2 arbitrary functions. An automorphism of the form (21) given in [7] can bring the metric to
However, in our case 3, such a diffeomorphism is not possible because there h 1 and h 2 are not arbitrary functions. As a result, the metric of (15) is
with b = 0, and is known to not be isometric to (23) with b = 0. A different proof of this, based on the dimension of Killing vectors, was given in the appendix of [5] .
The final large class of known solutions are the stationary axisymmetric ones: AdS 3 (case 1), spacelike and timelike warepd AdS 3 (case 2), and the stationary axisymmetric wave that is precisely (23). For b = 0 we recover case 3, whereas all b = 0 are among them isometric by a rescaling of the coordinates.
D Stationary Axisymmetric solutions
A powerful apparatus for stationary axisymmetric solutions given in [19] shows that the stationary axisymmetric solutions are equivalent to the motions of a point-like mechanical system. In particular, the two commuting symmetries imply the following metric form g =ḡ µν (ρ)dx µ dx ν + 1 |X(ρ)| 2 dρ Although stationary axisymmetric solution were initially found in terms of Ansätze for the functional dependence of X(ρ), they were rederived in [9] from first principles. This can be achieved by consistently reducing the phase space by imposing X 2 =Ẋ ·Ẍ = 0. There is only numerical evidence for stationary axisymmetric solutions that do not obey this condition [9] .
It is natural to ask why our Ansatz fails to reproduce (23) for b = 0. As it stands, our method is an Ansatz in the true meaning of the term: a test solution that works. However, it does curiously select the undeformed stationary axisymmetric solutions 5 . The approach presented in this paper can be compared with the work of [15] . The general stationary axisymmetric wave (up to identifications) has [9] 
Ultimately, the choice ψ = φ in our setup from section 3.2 leads to
whereφ a function of φ. Note that (24) with (25) and b = 0 cannot be written in the form of (26) for a change of coordinates z = f (ρ). Indeed, as we saw in section 4.3, consistency for case 3 required δ = c =k = 0 and µ 2 ℓ 2 (2α + 1) 2 = (2α − 3) 2 . The parameters α, δ,k and c are therefore fixed and do not allow deformations that is necessary for a non-zero b. This is one way of understanding how (if not why) our Ansatz selects the b = 0 solution.
